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Spherical mechanismAs the instant centers in planar mechanisms, the instantaneous poles can be used for instantaneous kine-
matic analysis of spherical mechanisms. In this paper, a novel geometrical method is presented for iso-
tropy analysis of spherical mechanisms via the concept of instantaneous poles. First, a different form
of the Jacobian matrix is formulated for multi-degree-of-freedom (multi-DOF) spherical mechanisms,
based on the instantaneous poles. Then, using the obtained Jacobian matrix, isotropy analysis of spherical
mechanisms is carried out, and general conditions to have isotropic configurations are determined. The
proposed method is fast and applicable for all types of spherical mechanisms. At last, two illustrative
examples are presented to show the efficiency of the method.
 2016 Karabuk University. Publishing services by Elsevier B.V. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
A mechanism is called isotropic if it has at least one isotropic
configuration in its workspace [1]. Moreover, a mechanism is
called fully-isotropic if it is isotropic in its entire workspace [2]. In
an isotropic configuration, the sensitivity of a mechanism is
minimal with regard to both velocity and force errors and the
mechanism can be controlled equally well in all directions [3].
For this reason, many researchers have addressed the isotropy
analysis (i.e. determining isotropic configurations) and isotropic
design of mechanisms [1–14].
Traditionally, isotropy analysis of mechanisms is carried out by
the condition number of the Jacobian matrix [1–12], which is first
used by Salisbury and Craig [5]. In an isotropic configuration, the
condition number reaches the minimum value of unity; that is to
say, the rows of the Jacobian matrix becomes mutually orthogonal
and of equal Euclidean norms [6]. Zanganeh and Angeles [1] used a
special structure of the forward and the inverse Jacobian matrices
to define a set of conditions under which a parallel mechanism can
be rendered isotropic. Carricato and Parenti-Castelli [2] presented
the topological synthesis of a family of singularity-free fully-
isotropic translational parallel mechanisms. Tsai and Huang [3]
developed 6-DOF isotropic parallel mechanisms by a devise called
isotropy generator. Klein and Miklos [4] demonstrated design tech-
niques using positional, orientational, or spatial isotropy and pre-sented some algorithms for locating isotropic designs without
explicit evaluation of singular values. Gosselin and Lavoie [7],
and Mohammadi Daniali et al. [8] used the kinematic isotropy as
a design criterion for isotropic design of a class of 3-DOF planar
and spherical parallel mechanisms. Qu et al. [12] determined iso-
tropic configurations of limited-DOF parallel mechanisms based
on the terminal constraints system and reciprocal screw theory.
An advantage of Qu et al.’s method [12] is that there is no need
to construct the general Jacobian matrix, which is a difficult pro-
cess for some complex structural parallel mechanisms; however,
for obtaining the terminal constraints system of the parallel mech-
anisms, it is required to analyze the reciprocal screws of each leg
applied to the moving platform which is relatively a difficult task.
Moreover, Gogu [13,14] synthesized two families of fully-isotropic
parallel mechanisms with translational and Schönflies motions via
theory of linear transformations and evolutionary morphology.
As the instant centers which have been extensively used in
kinematic analysis of planar mechanisms (see for instance
[15–19]), the instantaneous poles can be exploited for kinematic
analysis of spherical mechanisms [20–24]. Recently, Di Gregorio
[24] has used the novel concept of the instantaneous poles for sin-
gularity analysis of multi-DOF spherical mechanisms. He obtained
a general expression of the input–output relationship of multi-DOF
spherical mechanisms by exploiting the properties of the
instantaneous poles and the superposition principle. In particular,
his proposed expression contains only the position vectors of
instantaneous poles of the single-DOF spherical mechanisms that
are generated from the multi-DOF mechanism by locking all the
inputs but one.., Int. J.
Fig. 2. A sliding joint and the corresponding instant pole.
2 S. Zarkandi / Engineering Science and Technology, an International Journal xxx (2016) xxx–xxxIn this paper, by an extension of Di Gregorio’s method [24], a
different form of the Jacobian matrix of a multi-DOF spherical
mechanism is defined based on the instantaneous poles of the
mechanism. Then, the new Jacobian matrix is used for isotropy
analysis of spherical mechanisms.
2. Spherical motion and instantaneous poles
Spherical mechanisms are the mechanisms where a point of the
frame, named spherical-motion center, can be considered embed-
ded in all the links (i.e. all the mobile links are constrained to per-
form spherical-motions whose center is the spherical-motion
center).
Kinematically, the moving links of a spherical mechanism can
be considered as the co-spherically moving shells that move on
the surface of a reference sphere. Without loss of generality, the
radius of the reference sphere is taken as unity and the sphere is
called unit sphere [20].
For two co-spherically moving shells or links (e.g. links i and j in
Fig. 1), there exist two instantaneously coincident points, each
belonging to the respective shell or its extension, the linear veloc-
ities of which are identical. The place of these common points is
called instantaneous pole, henceforth referred to as instant pole, of
the two shells and will be denoted as pij [20]. Moreover, pij will
indicate the position vector of the instant pole pij with respect to
the reference coordinate frame Oxyz attached to the center of
unit sphere (see Fig. 1). In fact, for two shells moving about a com-
mon sphere center, there are two instant poles located diametri-
cally opposite to each other on the reference sphere, and the two
shells are said to rotate instantly relative to each other about an
instantaneous pole axis [21] that passes through two instant poles
and the sphere center (Fig. 1).
Since the instant poles’ positions are sufficient to fully describe
the first-order kinematics of spherical mechanisms, the first-order
kinematics of spherical mechanisms can be studied using only one
(either positive or negative) shell of the unit sphere. Hereafter, the
positive shell will be used. The points of the positive shell are
defined, with respect to a reference coordinate frame Oxyz, as fol-
lows [21]
Positive shell : ðx; y; zÞjx2 þ y2 þ z2 ¼ 1; x > 0 
[ ðx; y; zÞjz2 þ y2 ¼ 1; x ¼ 0; y > 0 
[ fðx; y; zÞjx ¼ y ¼ 0; z ¼ 1gFig. 1. The relative instant pole of two co-spherically moving links, i and j, rotating
about the point O with angular velocities xi0 and xj0, respectively.
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motion between two moving links in a spherical mechanism which
is rotational. If the two links are connected to each other through a
revolute joint or a rolling contact then instant pole of the links is
trivial; on the other hand, If the two links are connected to each
other through a sliding joint, then instant pole of the links is
located on the intersection of the great circles, which are normal
to the common spherical curve, the links move on it (Fig. 2). There-
fore, a sliding joint can also be considered as a revolute joint.
The Aronhold-Kennedy (A–K) theorem can be stated for spher-
ical mechanisms as follows [20]:
The relative instant poles of three co-spherically moving links lie on
a unique great circle.
For detailed explanation of the instant poles and spherical
motion, the reader is referred to Refs. [20,21].
3. Jacobian matrix of multi-DOF spherical mechanisms
The general input–output instantaneous relationship of a
single-DOF spherical mechanism [22] involves six relative motions
around the associated instant poles axes of four links: input link, ‘i’,
output link, ‘o’, reference link, ‘r’, used to evaluate the rate of the
input variable hi,r and reference link, ‘s’, used to evaluate the rate
of the output variable /o,s. The input (output) variable could be
visualized as an angle between the planes containing two suitable
oriented great circle arcs fixed to links ‘i’ (‘o’) and ‘r’ (‘s’), respec-
tively (see Fig. 3a). The input–output instantaneous relationship
is defined as [22]
a _hi;r ¼ bxo;s ð1Þ
where the signed magnitude _hi;r (xo,s) is the rate of input (output)
variable hi,r (/o,s). Moreover, coefficients a and b depend on the con-
figuration of the mechanism and are deduced as follows
a ¼ pr;s  ðpi;r  pi;oÞ ð2aÞ
b ¼ pr;s  ðpo;s  pi;oÞ ð2bÞ
If the reference link used to evaluate the rate of input and out-
put variables are the same, e.g. link r, then a more meaningful
input–output relationship can be obtained as follows [22]
a _hi;r ¼ bxo;r ð3Þ
where
a ¼ pi;r  ðpo;t  pi;tÞ ð4aÞ
b ¼ po;r  ðpo;t  pi;tÞ ð4bÞchanisms using an instantaneous-pole based method, Eng. Sci. Tech., Int. J.
(a) (b)
Fig. 3. Four links of a generic single-DOF spherical mechanism (a) when the reference links r and s are different (b) when the reference links r and s are the same.
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links i, o and r (Fig. 3b).
A special case occurs when the single-DOF spherical mechanism
has only two links (Fig. 4). In this mechanism, the input and output
links, and also the reference link to evaluate the rate of these links
are the same (i.e. i = o, and r = s). As a consequence, the mechanism
has only one instant pole that is po,s, and the rates of input and out-
put variables are equal, i.e.
_hi;r ¼ xo;s ð5Þ
Comparing Eq. (5) with Eq. (1), one can find that for a single-
DOF spherical mechanism with two links, the coefficients a and b
are equal, and can have any value, e.g. 1.
The instantaneous kinematics of a mechanism with n DOFs
(nP 2) is ruled by a linear and homogeneous system [25,26] that
relates the rate _hk of the input variables hk (for k = 1, ..., n) to the
instantaneous motion characteristics of the output link (which
here is the angular velocity vector,x, of output link of the spherical
mechanism). This linearity and the homogeneity allow the princi-
ple of superposition to be used, so if we consider an n-DOF spher-
ical mechanism as the union of n single-DOF mechanisms, then the
following relationship holds:
X
k¼1;n
xk ¼ x ð6ÞFig. 4. A generic single-DOF spherical mechanism with only two links.
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single-DOF mechanism, generated from the n-DOF mechanism by
locking all the inputs but hk. Considering the concept of instant
poles, the parameter xk can be written as
xk ¼ xkpk ð7Þ
wherexk and pk are equivalent toxo,s and po,s in the kth single-DOF
generated mechanism, respectively. Introducing Eq. (7) into Eq. (6)
yields [24]
X
k¼1;n
xkpk ¼ x ð8Þ
Eq. (8) represents the instantaneous kinematics of an n-DOF
spherical mechanism in terms of the angular velocity of the output
link in single-DOF generated mechanisms (see Fig. 5).
On the other hand, similar to Eq. (1), we can write the following
relation for the instantaneous kinematics of the kth single-DOF
generated mechanism
ak _hk ¼ bkxk ð9Þ
where ak, bk and _hk are equivalent to a, b and _hi;r in the kth single-
DOF generated mechanism, respectively. Now, by Introducing Eq.
(9) into Eq. (8), we have [24]
X
k¼1;n
ak
bk
pk _hk ¼ x ð10ÞFig. 5. Instant poles and angular velocities of the output link in n-DOF spherical
mechanism and in associated single-DOF generated mechanisms.
chanisms using an instantaneous-pole based method, Eng. Sci. Tech., Int. J.
Fig. 6. A CAD model of 3R serial spherical mechanism.
4 S. Zarkandi / Engineering Science and Technology, an International Journal xxx (2016) xxx–xxxEq. (10) can be rewritten in a matrix form as
A _h ¼ x ð11Þ
where _h is a n  1 vector of input variables, as follows
_h ¼ ½ _h1 _h2    _hn T ð12Þ
and A is the 3  n Jacobian matrix of n-DOF spherical mechanism
that is defined as
A ¼ ½ c1p1 c2p2    cnpn  ð13Þ
where
ck ¼ akbk ; for k ¼ 1; . . . ;n ð14Þ
Note that, this Jacobian matrix only depends on the location of
instant poles of the mechanism. In Ref. [24], Di Gregorio obtained a
3  3 instant-pole based Jacobian matrix which relates the angular
velocity of the output link of a multi-DOF spherical mechanism to
the angular velocity of the same link in single-DOF generated
mechanisms. Here, the proposed Jacobian matrix relates angular
velocities of the input links to the angular velocity of the output
link of the multi-DOF spherical mechanism, so this new form of
the Jacobian matrix is in agreement with the traditional form of
Jacobian matrices. Moreover, in contrast to the Jacobian matrices
obtained in the literature, the above Jacobian matrix is general
and applicable for all types of spherical mechanisms, so it avoids
the difficult process of constructing the Jacobian matrices for some
complex mechanisms. In the next sections, the proposed Jacobian
matrix will be used for isotropy analysis of spherical mechanisms.
4. Isotropy analysis of spherical mechanisms
One of the performance indices which was first used by Salis-
bury and Craig [5] to design robotic mechanisms is the condition
number of the Jacobian matrix. Mathematically, when solving a lin-
ear system of equations, the condition number of the associated
square matrix can be understood as a measure of the relative
round-off error amplification of the computed results with respect
to the relative round-off error of the input data [27,28]. Further-
more, for a square matrix J whose entries all have the same units,
the condition number K(J) can be defined as the ratio of the largest
singular value rl of J to the smallest one, rs, i.e.,
KðJÞ  rl
rs
ð15Þ
Note that K(J) can attain values from 1 to infinity. Clearly, the
condition number of matrices with identical singular values is
the minimum value of unity. By extension, isotropic manipulators
are those whose Jacobian matrix can attain isotropic values [6].
On the other hand, the condition number of singular matrices, hav-
ing a smallest singular value of zero, is infinity.
By using the polar-decomposition theorem [29], we can factor
the n  n Jacobian matrix A as
A  RU  VR ð16Þ
where R is an orthogonal, although not necessarily proper, matrix
while U and V are both at least positive-semidefinite matrix. More-
over, if A is nonsingular, then U and V are both positive-definite,
and R is unique.
Matrices U and V have identical eigenvalues, and nonnegative
eigenvalues of these two matrices constitute singular values of
the Jacobian matrix A. Moreover, if A is isotropic, all the foregoing
eigenvalues are identical, say equal to r, and hence, matrices U and
V are proportional to the n  n identity matrix [6], i.e.,
U ¼ V ¼ rI ð17ÞPlease cite this article in press as: S. Zarkandi, Isotropy analysis of spherical me
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(16) gives
A ¼ rR ð18Þ
which means that an isotropic Jacobian matrix is proportional to an
orthogonal matrix. As a consequence [6],
ATA ¼ r2RTR ¼ r2I ð19Þ
Substituting the values of matrix A from Eq. (13) into Eq. (19),
upon simplification, yields
ATA¼
c21 c1c2ðp1 p2Þ c1c3ðp1 p3Þ    c1cnðp1 pnÞ
c22 c2c3ðp2 p3Þ    c2cnðp2 pnÞ
c23    c3cnðp3 pnÞ
. .
. ..
.
Symmetric c2n
2
66666664
3
77777775
¼r2I
ð20Þ
Eq. (20) is possible if and only if
c21 ¼ c22 ¼ c23 ¼    ¼ c2n ¼ r2 ð21aÞ
ckcjðpk  pjÞ ¼ 0 for k–j and k; j 2 1;2;3; . . . ;n ð21bÞ
or
c1 ¼ c2 ¼ c3 ¼    ¼ cn ð22aÞ
pk  pj ¼ 0 for k–j and k; j 2 1;2;3; . . . ;n ð22bÞ
Eq. (22a) reveals that, in order to have an isotropic design, a
spherical mechanism should be geometrically symmetric. More-
over, Eq. (22b) shows that, in an isotropic configuration, the instant
poles p1, p2, p3, . . ., pn locate on the vertices of an equilateral poly-
gon, and the position vectors of these instant poles are mutually
perpendicular to each other.5. Illustrative examples
In following examples, isotropy analysis of two spherical mech-
anisms, a 3R serial spherical mechanism and a 3-PRR parallel
spherical mechanism, is carried out using the above method. The
notations R and P stand for a revolute joint and a sliding joint,
respectively, and underline denotes the active joint. Note that bothchanisms using an instantaneous-pole based method, Eng. Sci. Tech., Int. J.
Fig. 7. A kinematic model of 3R serial spherical mechanism.
Fig. 9. An isotropic design of the 3R serial spherical mechanism.
S. Zarkandi / Engineering Science and Technology, an International Journal xxx (2016) xxx–xxx 5of the mechanisms have 3 DOFs, thus n = 3 and subscript k is equal
to 1, 2 and 3.5.1. Isotropy analysis of 3R serial spherical mechanism
Fig. 6 shows a CAD model of 3R serial spherical mechanism in a
general configuration. A kinematic model of the mechanism is also
shown in Fig. 7. The mechanism consists of four links connected in
turn to the next by four revolute joints at points Ak (k = 1, 2, 3). Unit
sphere is chosen as link 0. All the revolute joints are actuated. hk is
the kth input variable, and denotes rotation angle of link k with
respect to link k1 around the axis of revolute joint at Ak. Three
single-DOF spherical mechanisms can be generated from the
original 3R spherical mechanism, while the kth single-DOF mecha-(a)
(c)
Fig. 8. (a) the first, (b) the second, and (c) the third single-DOF spherical mechanism gene
unlocked joint, respectively.
Please cite this article in press as: S. Zarkandi, Isotropy analysis of spherical me
(2016), http://dx.doi.org/10.1016/j.jestch.2016.08.016nism is generated by locking all the inputs but hk, as shown in
Fig. 8. It can be easily concluded that point Ak is equivalent to
instant pole pk-1,k in the original 3R spherical mechanism, and also
equivalent to instant pole pk,0 (or pk) in the kth single-DOF gener-
ated mechanism (Fig. 7). Note that the kth single-DOF mechanism
has only two links that are links 0 and k. Therefore, according to the
special case presented in section 3, we have ak = bk = 1. The 3  3
Jacobian matrix of the 3R spherical mechanism will be
A ¼ ½ c1p1 c2p2 c3p3  ð23Þ
Moreover, for an isotropic design of the mechanism, conditions
(22a) and (22b) yields
c1 ¼ c2 ¼ c3 ¼ 1 ð24aÞ
p1  p2 ¼ p2  p3 ¼ p1  p3 ¼ 0 ð24bÞ(b)
 
rated from the original 3R mechanism. Symbols (d) and (s) denote a locked and an
chanisms using an instantaneous-pole based method, Eng. Sci. Tech., Int. J.
Fig. 11. A kinematic model of 3-PRR parallel spherical mechanism and its instant
poles.
Fig. 12. Instant poles of the first single-DOF spherical mechanism generated from
3-PRR parallel spherical mechanism.
Fig. 10. A CAD model of 3-PRR parallel spherical mechanism.
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anism (Fig. 7), one can find that in an isotropic configuration, the
instant poles pk locate at the vertices of an equilateral triangle,
i.e. D p1p2p3, whose sides are all 90. In other words, for an isotro-
pic design of the mechanism, the position vectors p1, p2 and p3 (or
the axes of revolute actuators) are mutually perpendicular to each
other. A fully-isotropic design of 3R spherical mechanism is shown
in Fig. 9 in which the isotropic conditions are satisfied for all values
of hk.
5.2. Isotropy analysis of 3-PRR parallel spherical mechanism
Fig. 10 shows a CAD model of 3-PRR parallel spherical mecha-
nism in a general configuration. Moreover, a kinematic model of
the mechanism is shown in Fig. 11 along with the instant poles
pk (k = 1, 2, 3). Points Ak and Bk denote the instant poles pk,k+3 and
p7,k+3 respectively. The mechanism has three actuated sliding joints
that are kinematically considered as three actuated revolute joints.
The mechanism has three single-DOF generated mechanisms. As
an example, the first single-dof generated mechanism, i.e., thePlease cite this article in press as: S. Zarkandi, Isotropy analysis of spherical me
(2016), http://dx.doi.org/10.1016/j.jestch.2016.08.016one generated by locking all the inputs but h1 in the 3-PRR mech-
anism, is depicted in Fig. 12. Link k and rotation angle hk are chosen
as the input link (i) and as the input variable in the kth single-DOF
generated mechanism, respectively. Link 7 (or the moving
platform) is the output link (o) in all single-DOF generated mecha-
nisms. Link 0 (unit sphere) is chosen as the reference link (or link r)
to evaluate rate of both the input and output variables. Link k + 3 is
chosen as the link t in the kth single-DOF generated mechanism. By
introducing these notations into Eq. (4), the coefficients ak and bk
for the kth single-DOF generated mechanism, will be
ak ¼ pk;0  ðp7;kþ3  pk;kþ3Þ ð25aÞ
bk ¼ p7;0  ðp7;kþ3  pk;kþ3Þ ð25bÞ
The 3  3 Jacobian matrix of the 3-PRR spherical mechanism
will be
A ¼ ½ c1p1 c2p2 c3p3  ð26Þ
and, for an isotropic design of the mechanism, conditions (22a) and
(22b) yields
c1 ¼ c2 ¼ c3 ð27aÞ
p1  p2 ¼ p2  p3 ¼ p1  p3 ¼ 0 ð27bÞ
With the conditions (27) and geometry of the 3-PRR parallel
spherical mechanism (Fig. 11), we find that isotropic designs are
only possible if:
– The moving platform’s spherical triangle is equilateral.
– Motion curve of the sliding joints constitute an equilateral
triangle-shaped base or an equiangular star-shaped base.
– Distal links AkBk (k = 1, 2, 3) have the same length.
Moreover, in an isotropic configuration:
– The moving platform triangle shares a common centroid with
the equilateral triangle-shaped base or the equiangular star-
shaped base.
– The angles between distal links AkBk (k = 1, 2, 3) and motion
curve of the corresponding sliding joints are equal.
– The position vectors p1, p1 and p3 are mutually perpendicular to
each other. In other words, the great circles of distal links AkBk
(k = 1, 2, 3) constitute an equilateral spherical triangle (i.e. D
p1p2p3) whose sides are all 90.chanisms using an instantaneous-pole based method, Eng. Sci. Tech., Int. J.
(a)
(b)
Fig. 13. Two isotropic designs of the 3-PRR parallel spherical mechanism with (a)
star-shaped base (b) triangle-shaped base.
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spherical mechanism in which the above conditions are satisfied.
Note that, due to the symmetry of the mechanisms in their
isotropic configurations, we have a1 = a2 = a3 and b1 = b2 = b3, and
consequently c1 = c2 = c3. The mechanisms remain in isotropic con-
figurations as long as the vertices Bk (k = 1, 2, 3) locates on the sides
of D p1p2p3.
6. Conclusion
A new form of the Jacobian matrix of multi-DOF spherical
mechanisms was presented, based on the concept of instant poles.
In contrast to the Jacobian matrices presented in the literature, the
proposed Jacobian matrix is general and applicable for all types of
serial and parallel spherical mechanisms, while it avoids the diffi-
cult process of constructing the Jacobian matrices for complex
mechanisms. Moreover, to show an application of the JacobianPlease cite this article in press as: S. Zarkandi, Isotropy analysis of spherical me
(2016), http://dx.doi.org/10.1016/j.jestch.2016.08.016matrix, it was used for isotropy analysis of spherical mechanisms
and general conditions of isotropic configurations were identified.
Finally, the isotropy analysis of two spherical mechanisms was
implemented using the proposed method.
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